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Adaptive Equalization in Oversampled Subbands
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Abstract. The potential presence of fractional delays, non-minimum phase parts,
and a colouring of the channel output can require adaptive equalizers to adapt very
long lters, which can have slow convergence for LMS-type adaptive algorithms.
This paper presents a novel oversampled subband approach to adaptive equaliza-
tion, which can both signicantly reduce computational complexity, and improve
convergence speed.
1. INTRODUCTION
When data is transmitted through a channel, the characteristics of the channel
generally create a signal distortion which may cause bit errors on the receiving
side. Thus, in communication systems a lter is employed to equalize any linear
distortions of the channel [1]. Similarly, audio systems often require equalization
[2]. Usually an adaptive solution is preferred to account for time-varying behaviour.
Some types of characteristics are particularly hard to equalize, for example non-
minimum phase systems [2, 3], and fractional delays [4], which involve the iden-
tication of very long and generally non-causal impulse responses. For adaptive
equalization operating in the fullband, adaptive algorithms with high computational
complexity such as the RLS cannot be used, while for computationally less complex
LMS-type algorithms the convergence speed depends on the lter length. The latter
is further slowed down when the channel introduces a severe amplitude distortion,
since the input to the adaptive lter will be highly coloured. Therefore, the applica-
tion of subband adaptive lters (SAF) appears sensible: by operating in decimated
frequency bands as shown in Fig. 1, both the update rate and the length of the
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adaptive lters can be greatly reduced leading to a lower computational complex-
ity. Further, the subband decomposition performs a whitening of the input signal,
resulting in improved convergence behaviour.
2. ADAPTIVE FILTERING IN SUBBANDS
In an SAF system, the subband decomposition is performed by lter banks (Fig. 2),
producing K subband signals decimated by a factor N  K. Critically decimated
SAF systems (i.e. N = K) require either adaptive cross-terms between at least
adjacent subbands [5], or the use of gap-lter banks with spectral loss to avoid any
aliasing problems [6]. This motivates the use of oversampled SAF systems: while the
decimationN < K of real valued bandpass signals is problematic, and requires either
modulation into the baseband prior to decimation [7] or the use of non-uniform lter
banks [8], downsampling of complex valued bandpass signals is straightforward. In
particular complex valued lter banks derived by generalized DFT modulation from
a prototype lter are advantageous since they oer near perfect reconstruction and
a computationally inexpensive implementation [7].
For an SAF system to perform satisfactorily, a delay in the path of the desired
signal is required to account for various decimated transients of the analysis lter
banks. If the SAF length is sucient, no model truncation occurs, and if observa-
tion noise is absent, the minimum mean square error (MMSE) is limited only by
the aliasing level produced by the decimation in the analysis lter banks, and the
maximally achievable accuracy of the equalizer bound by the distortion function of
the lter bank. In the case of modulated lter banks, both errors can be stated in
terms of the prototype lter [9].
3. SUBBAND ADAPTIVE EQUALIZATION
A simple structure for an equalizer in subbands was introduced in Fig. 1, where the
SAF system is applied in series to the distorting channel. For successful equalization,
an adaptive algorithm is expected to perform an inverse system identication of the
channel [3]. This becomes awkward as many real world channels are non-minimum
phase systems, i.e. posses zeros outside the unit circle, e.g. in room acoustics [2] or
communication systems [4]. Considering a maximum phase zero location a, jaj > 1,
the inverse system can be stated by two representations for FIR equalizers, obtained
by polynomial division:
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Only the second solution is viable, and can be made partially causal by introducing
a delay, which should be approximately half the length of the SAFs [3]. If the zero
position a is close to the unit circle, the impulse response of the inverse system can
become very long. Furthermore, the channel generally colours the signal x[n].
When performing adaptive equalization in oversampled complex valued subbands,
the adaptive lter lengths can be chosen shorter in accordance with the sampling
rate decimated by a factor N < K. Also updating now occurs at the lower rate.
Following the approach in [7, 9], for real valued signals x[n] and d[n] only K=2
complex subbands decimated by N < K need to be processed, since the remaining
subbands are complex conjugate and therefore redundant. This yields a reduction
in computational complexity by a factor r =
K
2N
2
for LMS-type algorithms (omitting
any additional costs introduced by the lter banks).
4. APPLICATION EXAMPLE
To demonstrate the benet of adaptive equalization in subbands, a bandpass channel
with magnitude and a non-linear phase response as shown Fig. 3(a) is used for
simulation. Noise interference with spectral characteristics similar to the channel
has been added at 40dB SNR. To invert this system, we apply an NLMS adaptive
algorithm to both a 1500 tap fullband lter and an SAF system with K=2 = 16
complex subbands (with bandedges indicated by vertical dashed lines in Fig. 3(a)),
decimated by N = 28 and having (1500 + 896)=N  86 tap lters in each channel.
The increase in length by L
h
= 896 is to approximately compensate for transients
caused by the lter banks with an overall delay of L
h
samples. Both fullband and
subband adaptive algorithms operate with the same normalized LMS step size [3].
From the ensemble mean squared error curves in Fig. 3(b), a clear advantage in
adaptation speed for the SAF equalization system is evident, while also requiring
only 22% of the computational resources of the fullband equalizer.
5. CONCLUSIONS
We have motivated the application of subband adaptive ltering to the equalization
problem, which can otherwise require a considerable lter length and suer from
slow convergence in a fullband implementation. The subband approach presented
here used oversampled, near perfect reconstructing lter banks, which gives a signif-
icant reduction in computations and improved convergence speed over the fullband
scheme.
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Fig. 1: Adaptive equalization in subbands.
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Fig. 2: Decomposition of a signal x[n] by an analysis bank into K subbands deci-
mated by N  K; a fullband signal x^[n] can be reconstructed by a synthesis bank.
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(b) MSE curves for adaptive equalization
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Fig. 3: (a) Magnitude, phase response and group delay of the channel; (b) ensemble
MSE curves of SAF and fullband equalizers (adaptation switched on at n = 10
4
).
